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[Ziva Dynamics]

Why deformable simulation?



Research Question

Can we use machine learning to accelerate 
hyperelastic simulation?



Related Work
Latent-space Physics: Towards Learning 

the Temporal Evolution of Fluid Flow
Wiewel et al. 2019

Learn how to update the latent state of a system

Deep Fluids – A Generative Network for 
Parameterized Fluid Simulations

Kim et al. 2019



Related Work
DeepWarp: DNN-based Nonlinear Deformation

Luo et al. 2018

Learn correction to cheap simulation

Neural Material: Learning Elastic Constitutive 
Material and Damping Models from Sparse Data 

Wang et al. 2018



Our Approach

Build on the vast literature of Model Reduction

Simulate in nonlinear latent space using the true 
equations of motion



First, why is it slow?
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<latexit sha1_base64="FEpvwDVn/P/rPOKwRTc2i8k/Bio="></latexit>

Vertex Displacements

n ⇡ 40, 000
<latexit sha1_base64="1sCQ9Z9V+VFKHwLQ+uRbCAt8iFE=">AAAB+HicbZBLS8NAFIUn9VXro1GXbgaL4ELKpA2a7opuXFawD2hDmUwn7dDJJMxMxBr6S9y4UMStP8Wd/8Y0DeLrwMDHOfcyl+NFnCmN0IdRWFldW98obpa2tnd2y+befkeFsSS0TUIeyp6HFeVM0LZmmtNeJCkOPE673vRykXdvqVQsFDd6FlE3wGPBfEawTq2hWRYDHEUyvIM2OkUIDc0KqqJM8C9YOVRArtbQfB+MQhIHVGjCsVJ9C0XaTbDUjHA6Lw1iRSNMpnhM+ykKHFDlJtnhc3icOiPohzJ9QsPM/b6R4ECpWeClkwHWE/U7W5j/Zf1Y+46bMBHFmgqy/MiPOdQhXLQAR0xSovksBUwkS2+FZIIlJjrtqpSV0HCsmmPDDOwzZwm1euOrhE6tatWrtWu70rzI6yiCQ3AEToAFzkETXIEWaAMCYvAAnsCzcW88Gi/G63K0YOQ7B+CHjLdPB/2SSg==</latexit>

F(u) = Mü
<latexit sha1_base64="v2GJEcFuALMEXUHiFfRpE01uSbU="></latexit>

Solving large differential equation



Solver

Elastic Potential

Inertia TermNew configuration

un+1 = argmin
u

V (u) + I(u,un, u̇n)
<latexit sha1_base64="S7wdZrM4q3SeSHGGz4kwVKdgAXQ="></latexit>

Previous State

Fast and stable solution: Implicit Euler as a minimization problem

un+1 = argmin
u

E(u)
<latexit sha1_base64="drzuGJFNSle1VIVpOsE9BZr27SA="></latexit>

Objective Function

Solve using pre-conditioned quasi-newton solver like L-BFGS

un+1 = argmin
u

E(u)
<latexit sha1_base64="drzuGJFNSle1VIVpOsE9BZr27SA="></latexit>



Existing Work: Model Reduction

High
Dimensional

System

Low
Dimensional

System

u 2 R40,000
<latexit sha1_base64="ZFMGVflohNOk+NWCQZ+vUJddZDU=">AAACCXicbZC7TsMwFIYdrqXcAowsFhUSA6qcNoJ2q2BhLIhepDZUjuu0Vh0nsh2kKsrKwquwMIAQK2/AxtuQphHi9kuWPv/nHPn4d0POlEbow1hYXFpeWS2sFdc3Nre2zZ3dtgoiSWiLBDyQXRcrypmgLc00p91QUuy7nHbcyfms3rmlUrFAXOtpSB0fjwTzGME6tQYm7PtYj10vjpI+E/OLG18lN7GNjhFCycAsoTLKBP+ClUMJ5GoOzPf+MCCRT4UmHCvVs1ConRhLzQinSbEfKRpiMsEj2ktRYJ8qJ85+ksDD1BlCL5DpERpm7veJGPtKTX037Zytqn7XZuZ/tV6kvZoTMxFGmgoyf8iLONQBnMUCh0xSovk0BUwkS3eFZIwlJjoNr5iFUK9ZlZoNM7BPanOoVOtfIbQrZatarlzapcZZHkcB7IMDcAQscAoa4AI0QQsQcAcewBN4Nu6NR+PFeJ23Lhj5zB74IePtEz2emkg=</latexit>

q 2 R⇠60
<latexit sha1_base64="MVPDk0jXGWEVDRod+RSwgkbUkfg=">AAACCnicbZC7TsMwFIYdrqXcCowshgqJqUraqrRbBQtjQfQiNaFyXKe16jjBdpCqKDMLr8LCAEKsPAEbb0NuQtx+ydLn/5wjH/+2z6hUuv6hLSwuLa+sFtaK6xubW9ulnd2e9AKBSRd7zBMDG0nCKCddRRUjA18Q5NqM9O3ZWVLv3xIhqcev1NwnlosmnDoUIxVbo9KB6SI1tZ3wJjIpzy52eBldh6akLmzo0ahU1it6KvgXjBzKIFdnVHo3xx4OXMIVZkjKoaH7ygqRUBQzEhXNQBIf4RmakGGMHLlEWmH6lQgexc4YOp6ID1cwdb9PhMiVcu7acWeyq/xdS8z/asNAOU0rpNwPFOE4e8gJGFQeTHKBYyoIVmweA8KCxrtCPEUCYRWnV0xDaDWNarMOU6g3mhlUa62vEHrVilGrVC/q5fZpHkcB7INDcAwMcALa4Bx0QBdgcAcewBN41u61R+1Fe81aF7R8Zg/8kPb2CQGPm1k=</latexit>

u = Uq
<latexit sha1_base64="6amS2/naPupSAaYrU99IA1xTets=">AAACCHicbZDLSsNAFIYnXmu9RV26cLAIrkqSFk0XQtGNywqmLbShTKaTdujk4sxEKCFLN76KGxeKuPUR3Pk2Jmkq3n4Y+PjPOZwzvxMyKqSmfSgLi0vLK6ultfL6xubWtrqz2xZBxDGxcMAC3nWQIIz6xJJUMtINOUGew0jHmVxk9c4t4YIG/rWchsT20MinLsVIptZAPeh7SI4dN46SszlayZxukoFa0apaLvgX9AIqoFBroL73hwGOPOJLzJAQPV0LpR0jLilmJCn3I0FChCdoRHop+sgjwo7zjyTwKHWG0A14+nwJc/f7RIw8Iaaek3ZmF4rftcz8r9aLpGvaMfXDSBIfzxa5EYMygFkqcEg5wZJNU0CY0/RWiMeIIyzT7Mp5CA1TN8w6zKF+Ys7AqDW+QmgbVb1WNa7qleZ5EUcJ7INDcAx0cAqa4BK0gAUwuAMP4Ak8K/fKo/KivM5aF5RiZg/8kPL2CUulmxA=</latexit>

Reduced Coordinates

q = UTu
<latexit sha1_base64="UtsEE7jvHuKmjUwWZfT06HGBy+I=">AAACCnicbZDLSsNAFIYnXmu9RV26GS2Cq5KkRdOFUHTjskLTFtpYJtNJO3RycWYilJC1G1/FjQtF3PoE7nwb0zQVbz8MfPznHM6Z3wkZFVLTPpSFxaXlldXCWnF9Y3NrW93ZbYkg4phYOGAB7zhIEEZ9YkkqGemEnCDPYaTtjC+m9fYt4YIGflNOQmJ7aOhTl2IkU6uvHvQ8JEeOG98kZ3O0kuvmnKOkr5a0spYJ/gU9hxLI1eir771BgCOP+BIzJERX10Jpx4hLihlJir1IkBDhMRqSboo+8oiw4+wrCTxKnQF0A54+X8LM/T4RI0+IieekndMLxe/a1Pyv1o2ka9ox9cNIEh/PFrkRgzKA01zggHKCJZukgDCn6a0QjxBHWKbpFbMQaqZumFWYQfXEnIFRqX2F0DLKeqVsXFVL9fM8jgLYB4fgGOjgFNTBJWgAC2BwBx7AE3hW7pVH5UV5nbUuKPnMHvgh5e0TvBib1g==</latexit>



Model Reduction
Replace high-dimensional problem with low-dimensional

Big

Small

un+1 = argmin
u

E(u)
<latexit sha1_base64="drzuGJFNSle1VIVpOsE9BZr27SA="></latexit>

qn+1 = argmin
q

E(Uq)
<latexit sha1_base64="IvQEuEw+s24Pj1dZgj4dp1VEpYY="></latexit>

Becomes



Static Solve Example



Where does       come from?qn+1 = argmin
q

E(Uq)
<latexit sha1_base64="IvQEuEw+s24Pj1dZgj4dp1VEpYY="></latexit>



Model Reduction - Example



Model Reduction - Example

P = [u1u2u3u4]
<latexit sha1_base64="gyp7wdTXktQp7txMzbDB5THP0gY="></latexit>

Collect Snapshots

P = U⌃VT
<latexit sha1_base64="01Ca0YGlG5nYJqYAzAz07t4nYEA="></latexit>

Perform PCA (via SVD)

Keep k largest eigen values

U := U1:k
<latexit sha1_base64="Ta+I1ETnbqNpDVXZYPKB0V2hZi4=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcFWStGhaEIpuXFYwrdCGMJlO2qGTCzMToYQu3fgqblwo4tZHcOfbmKTB+w8D3/znHObM70aMCqlp70ppYXFpeaW8Wllb39jcUrd3uiKMOSYWDlnIr10kCKMBsSSVjFxHnCDfZaTnTs6zeu+GcEHD4EpOI2L7aBRQj2IkU8tR9wc+kmPXS6wZbJ1+XZxEhy04mTlqVatpueBf0AuogkIdR30bDEMc+ySQmCEh+roWSTtBXFLMyKwyiAWJEJ6gEemnGCCfCDvJPzKDh6kzhF7I0xNImLvfJxLkCzH13bQz21T8rmXmf7V+LD3TTmgQxZIEeP6QFzMoQ5ilAoeUEyzZNAWEOU13hXiMOMIyza6Sh9A0dcNswBwax+YcjHrzM4SuUdPrNeOyUW2fFXGUwR44AEdAByegDS5AB1gAg1twDx7Bk3KnPCjPysu8taQUM7vgh5TXD96zmYA=</latexit>



Model Reduction - Example

P = [u1u2u3u4]
<latexit sha1_base64="gyp7wdTXktQp7txMzbDB5THP0gY="></latexit>

Collect Snapshots

P = U⌃VT
<latexit sha1_base64="01Ca0YGlG5nYJqYAzAz07t4nYEA="></latexit>

Perform PCA (via SVD)

Keep k largest eigen values

u = Uq
<latexit sha1_base64="6amS2/naPupSAaYrU99IA1xTets=">AAACCHicbZDLSsNAFIYnXmu9RV26cLAIrkqSFk0XQtGNywqmLbShTKaTdujk4sxEKCFLN76KGxeKuPUR3Pk2Jmkq3n4Y+PjPOZwzvxMyKqSmfSgLi0vLK6ultfL6xubWtrqz2xZBxDGxcMAC3nWQIIz6xJJUMtINOUGew0jHmVxk9c4t4YIG/rWchsT20MinLsVIptZAPeh7SI4dN46SszlayZxukoFa0apaLvgX9AIqoFBroL73hwGOPOJLzJAQPV0LpR0jLilmJCn3I0FChCdoRHop+sgjwo7zjyTwKHWG0A14+nwJc/f7RIw8Iaaek3ZmF4rftcz8r9aLpGvaMfXDSBIfzxa5EYMygFkqcEg5wZJNU0CY0/RWiMeIIyzT7Mp5CA1TN8w6zKF+Ys7AqDW+QmgbVb1WNa7qleZ5EUcJ7INDcAx0cAqa4BK0gAUwuAMP4Ak8K/fKo/KivM5aF5RiZg/8kPL2CUulmxA=</latexit>

U := U1:k
<latexit sha1_base64="Ta+I1ETnbqNpDVXZYPKB0V2hZi4=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcFWStGhaEIpuXFYwrdCGMJlO2qGTCzMToYQu3fgqblwo4tZHcOfbmKTB+w8D3/znHObM70aMCqlp70ppYXFpeaW8Wllb39jcUrd3uiKMOSYWDlnIr10kCKMBsSSVjFxHnCDfZaTnTs6zeu+GcEHD4EpOI2L7aBRQj2IkU8tR9wc+kmPXS6wZbJ1+XZxEhy04mTlqVatpueBf0AuogkIdR30bDEMc+ySQmCEh+roWSTtBXFLMyKwyiAWJEJ6gEemnGCCfCDvJPzKDh6kzhF7I0xNImLvfJxLkCzH13bQz21T8rmXmf7V+LD3TTmgQxZIEeP6QFzMoQ5ilAoeUEyzZNAWEOU13hXiMOMIyza6Sh9A0dcNswBwax+YcjHrzM4SuUdPrNeOyUW2fFXGUwR44AEdAByegDS5AB1gAg1twDx7Bk3KnPCjPysu8taQUM7vgh5TXD96zmYA=</latexit>



u1
<latexit sha1_base64="CqdIyKz1rgQXnnKDU91Xm8WfjVY=">AAAB9HicbZBLSwMxFIUz9VXrq+rSTbAIrsrMtOh0V3TjsoJ9QDuUTJppQzOZMckUytDf4caFIm79Me78N2YeiK8DgY9z7iWX40WMSmWaH0ZpbX1jc6u8XdnZ3ds/qB4e9WQYC0y6OGShGHhIEkY56SqqGBlEgqDAY6Tvza/TvL8gQtKQ36llRNwATTn1KUZKW+4oQGrm+Um8GluVcbVm1s1M8C9YBdRAoc64+j6ahDgOCFeYISmHlhkpN0FCUczIqjKKJYkQnqMpGWrkKCDSTbKjV/BMOxPoh0I/rmDmft9IUCDlMvD0ZHqk/J2l5n/ZMFa+4yaUR7EiHOcf+TGDKoRpA3BCBcGKLTUgLKi+FeIZEggr3VNeQsuxbKcJM2heODnYjdZXCT27bjXq9m2z1r4q6iiDE3AKzoEFLkEb3IAO6AIM7sEDeALPxsJ4NF6M13y0ZBQ7x+CHjLdPiY2SNg==</latexit>

u2
<latexit sha1_base64="t1kaPuaTFuCuwXqE1mXJnuVnsKA=">AAAB9HicbZBLSwMxFIUz9VXrq+rSTbAIrsrMtOh0V3TjsoJ9QDuUTJppQzOZMckUytDf4caFIm79Me78N2YeiK8DgY9z7iWX40WMSmWaH0ZpbX1jc6u8XdnZ3ds/qB4e9WQYC0y6OGShGHhIEkY56SqqGBlEgqDAY6Tvza/TvL8gQtKQ36llRNwATTn1KUZKW+4oQGrm+Um8GtuVcbVm1s1M8C9YBdRAoc64+j6ahDgOCFeYISmHlhkpN0FCUczIqjKKJYkQnqMpGWrkKCDSTbKjV/BMOxPoh0I/rmDmft9IUCDlMvD0ZHqk/J2l5n/ZMFa+4yaUR7EiHOcf+TGDKoRpA3BCBcGKLTUgLKi+FeIZEggr3VNeQsuxbKcJM2heODnYjdZXCT27bjXq9m2z1r4q6iiDE3AKzoEFLkEb3IAO6AIM7sEDeALPxsJ4NF6M13y0ZBQ7x+CHjLdPixKSNw==</latexit>

. . .
<latexit sha1_base64="56zVLABDFyhJJXxeEpX4xmNNhL0=">AAAB7XicbVDLSgMxFM3UV62vqks3wSK4KjNj0emu6MZlBfuAdiiZNNPGZpIhyQhl6D+4caGIW//HnX9jOjOIrwOBwzn3cG9OEDOqtG1/WKWV1bX1jfJmZWt7Z3evun/QVSKRmHSwYEL2A6QIo5x0NNWM9GNJUBQw0gtmV0u/d0+kooLf6nlM/AhNOA0pRtpI3eFYaFUZVWt23c4A/xKnIDVQoD2qvpsgTiLCNWZIqYFjx9pPkdQUM7KoDBNFYoRnaEIGhnIUEeWn2bULeGKUMQyFNI9rmKnfEymKlJpHgZmMkJ6q395S/M8bJDr0/JTyONGE43xRmDCoBVx+HY6pJFizuSEIS2puhXiKJMLaFJSX0PQc12vAjDTOvZy4Z82vErpu3TmruzeNWuuyqKMMjsAxOAUOuAAtcA3aoAMwuAMP4Ak8W8J6tF6s13y0ZBWZQ/AD1tsnUnaPOw==</latexit>

uN
<latexit sha1_base64="0K37MEuoNsBtLXuiA5waLXmpRho=">AAAB9HicbZBLSwMxFIUz9VXrq+rSTbAIrsrMtOh0V3TjSipYW2iHkkkzbWgmMyaZQhn6O9y4UMStP8ad/8bMA/F1IPBxzr3kcryIUalM88MorayurW+UNytb2zu7e9X9gzsZxgKTLg5ZKPoekoRRTrqKKkb6kSAo8BjpebPLNO/NiZA05LdqERE3QBNOfYqR0pY7DJCaen4SL0fXlVG1ZtbNTPAvWAXUQKHOqPo+HIc4DghXmCEpB5YZKTdBQlHMyLIyjCWJEJ6hCRlo5Cgg0k2yo5fwRDtj6IdCP65g5n7fSFAg5SLw9GR6pPydpeZ/2SBWvuMmlEexIhznH/kxgyqEaQNwTAXBii00ICyovhXiKRIIK91TXkLLsWynCTNonjk52I3WVwl3dt1q1O2bZq19UdRRBkfgGJwCC5yDNrgCHdAFGNyDB/AEno258Wi8GK/5aMkodg7BDxlvn7WeklM=</latexit>

U = PCA([u1 . . .uN ], k)
<latexit sha1_base64="0DhlPKIrV///JEh3+WrCuNuvClc="></latexit>



k = 62



Limits to Linear Reduction

Full Space



Limits to Linear Reduction

6 Degrees of Freedom



Can we do better?

Linear

u = nonlinear(z)
<latexit sha1_base64="ZCj0/har4GcwadvoI5S9Cga7Oug="></latexit>

|q| > |z|
<latexit sha1_base64="mVLwV+Myy9K3gfIwpViX4n06rms=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4KklbNN1I0Y3LCvYBbSiT6aQdOnk4MxFq2o0bf8WNC0Xc+g/u/BsnaSi+Dgyce8693DvHCRkV0jA+tYXFpeWV1dxafn1jc2tb39ltiiDimDRwwALedpAgjPqkIalkpB1ygjyHkZYzukj81i3hggb+tRyHxPbQwKcuxUgqqacfTLoekkPHjW+mE3gG5+WdKnt6wSgaKeBfYmakADLUe/pHtx/gyCO+xAwJ0TGNUNox4pJiRqb5biRIiPAIDUhHUR95RNhx+ospPFJKH7oBV8+XMFW/T8TIE2LsOaozuVH89hLxP68TSdeyY+qHkSQ+ni1yIwZlAJNIYJ9ygiUbK4Iwp+pWiIeIIyxVcPk0hKpllqwKTEnlxJqRUrk6D6FZKprlYumqUqidZ3HkwD44BMfABKegBi5BHTQABvfgETyDF+1Be9JetbdZ64KWzeyBH9DevwAGqpkt</latexit>



Linear: 6 DOF Nonlinear: 6 DOF



Our Contribution

Many possibilities for u = nonlinear(z)
<latexit sha1_base64="ZCj0/har4GcwadvoI5S9Cga7Oug="></latexit>

We use a neural network trained as an Autoencoder to 
create a unique                                for a given scenariou = nonlinear(z)

<latexit sha1_base64="ZCj0/har4GcwadvoI5S9Cga7Oug="></latexit>



Autoencoders
encode(u) = z

<latexit sha1_base64="BJayFQHbtqBjveW2JDtO8t5zhAU="></latexit>

Encoded “Latent” vectorencode(u) = z
<latexit sha1_base64="BJayFQHbtqBjveW2JDtO8t5zhAU="></latexit>

decode(z) = ũ
<latexit sha1_base64="0Eo672HIPtFGAkZzjKbidK7XpoQ="></latexit>

encode(u) = z
<latexit sha1_base64="BJayFQHbtqBjveW2JDtO8t5zhAU="></latexit>

decode(z) = ũ
<latexit sha1_base64="0Eo672HIPtFGAkZzjKbidK7XpoQ="></latexit>

encode(u) = z
<latexit sha1_base64="BJayFQHbtqBjveW2JDtO8t5zhAU="></latexit>



decodek(z) = activation(zTW✓ + b)
<latexit sha1_base64="PBmQRFrFm93B4ANX6BuxyFj4Rrk="></latexit>

Decode is a sequence of function applications

activation(x)
<latexit sha1_base64="6igh/JEgxjv1KawhuK6IGQvFJ1k=">AAACBnicbZDLSgMxFIYzXmu9VV2KECxC3ZSZadF2V3TjsoK9QFtKJs20oZlkSDLFMnTlxldx40IRtz6DO9/GdDqItwOBn/8/h3PyeSGjStv2h7W0vLK6tp7ZyG5ube/s5vb2m0pEEpMGFkzItocUYZSThqaakXYoCQo8Rlre+HKetyZEKir4jZ6GpBegIac+xUgbq5876oqQSKSF5CggMcKaTpJoVrg9zfZzebtoJwX/CicVeZBWvZ977w4EjgLCNWZIqY5jh7oXI6kpZmSW7UaKhAiP0ZB0jJzvVL04+cYMnhhnAH0hzeMaJu73iRgFSk0Dz3QGSI/U72xu/pd1Iu1XejHlYaQJx4tFfsSgFnDOBA6oJFizqREIS2puhXiEpIFhyC0gVCuOWynDRJTPKgvhlqpfEJpu0SkV3etyvnaR4siAQ3AMCsAB56AGrkAdNAAGd+ABPIFn6956tF6s10XrkpXOHIAfZb19AtGOmZg=</latexit>



✓⇤ = argmin
✓

NX

i=1

k decode(encode(ui))� uik22
<latexit sha1_base64="ifEJUQmqNKEQfARSNFgK+hwp5tI="></latexit>

W✓
<latexit sha1_base64="IwIDbgjSOGosLMBAlFeNGxJ7Ywo=">AAAB+3icbZBLS8NAFIUn9VXrK9alm8EiuCpJWrTdFd24rGAf0IYwmU7aoZMHMzdiCfkrblwo4tY/4s5/Y5oU8XVg4OOce5nLcSPBFRjGh1ZaW9/Y3CpvV3Z29/YP9MNqX4WxpKxHQxHKoUsUEzxgPeAg2DCSjPiuYAN3frXMB3dMKh4Gt7CImO2TacA9TglklqNXxz6Bmeslg9QZw4wBqTh6zagbufBfMFdQQyt1Hf19PAlp7LMAqCBKjUwjAjshEjgVLK2MY8UiQudkykYZBsRnyk7y21N8mjkT7IUyewHg3P2+kRBfqYXvZpPLS9XvbGn+l41i8Fp2woMoBhbQ4iMvFhhCvCwCT7hkFMQiA0Ilz27FdEYkoZDVVZTQbplWq4lzaJ63CrAa7a8S+lbdbNStm2atc7mqo4yO0Qk6Qya6QB10jbqohyi6Rw/oCT1rqfaovWivxWhJW+0coR/S3j4BFj2UvA==</latexit>

Optimize the weights            by automatic differentiation
and gradient descent

Minimize Mean Squared Error with ADAM

u1
<latexit sha1_base64="CqdIyKz1rgQXnnKDU91Xm8WfjVY=">AAAB9HicbZBLSwMxFIUz9VXrq+rSTbAIrsrMtOh0V3TjsoJ9QDuUTJppQzOZMckUytDf4caFIm79Me78N2YeiK8DgY9z7iWX40WMSmWaH0ZpbX1jc6u8XdnZ3ds/qB4e9WQYC0y6OGShGHhIEkY56SqqGBlEgqDAY6Tvza/TvL8gQtKQ36llRNwATTn1KUZKW+4oQGrm+Um8GluVcbVm1s1M8C9YBdRAoc64+j6ahDgOCFeYISmHlhkpN0FCUczIqjKKJYkQnqMpGWrkKCDSTbKjV/BMOxPoh0I/rmDmft9IUCDlMvD0ZHqk/J2l5n/ZMFa+4yaUR7EiHOcf+TGDKoRpA3BCBcGKLTUgLKi+FeIZEggr3VNeQsuxbKcJM2heODnYjdZXCT27bjXq9m2z1r4q6iiDE3AKzoEFLkEb3IAO6AIM7sEDeALPxsJ4NF6M13y0ZBQ7x+CHjLdPiY2SNg==</latexit>

u2
<latexit sha1_base64="t1kaPuaTFuCuwXqE1mXJnuVnsKA=">AAAB9HicbZBLSwMxFIUz9VXrq+rSTbAIrsrMtOh0V3TjsoJ9QDuUTJppQzOZMckUytDf4caFIm79Me78N2YeiK8DgY9z7iWX40WMSmWaH0ZpbX1jc6u8XdnZ3ds/qB4e9WQYC0y6OGShGHhIEkY56SqqGBlEgqDAY6Tvza/TvL8gQtKQ36llRNwATTn1KUZKW+4oQGrm+Um8GtuVcbVm1s1M8C9YBdRAoc64+j6ahDgOCFeYISmHlhkpN0FCUczIqjKKJYkQnqMpGWrkKCDSTbKjV/BMOxPoh0I/rmDmft9IUCDlMvD0ZHqk/J2l5n/ZMFa+4yaUR7EiHOcf+TGDKoRpA3BCBcGKLTUgLKi+FeIZEggr3VNeQsuxbKcJM2heODnYjdZXCT27bjXq9m2z1r4q6iiDE3AKzoEFLkEb3IAO6AIM7sEDeALPxsJ4NF6M13y0ZBQ7x+CHjLdPixKSNw==</latexit>

. . .
<latexit sha1_base64="56zVLABDFyhJJXxeEpX4xmNNhL0=">AAAB7XicbVDLSgMxFM3UV62vqks3wSK4KjNj0emu6MZlBfuAdiiZNNPGZpIhyQhl6D+4caGIW//HnX9jOjOIrwOBwzn3cG9OEDOqtG1/WKWV1bX1jfJmZWt7Z3evun/QVSKRmHSwYEL2A6QIo5x0NNWM9GNJUBQw0gtmV0u/d0+kooLf6nlM/AhNOA0pRtpI3eFYaFUZVWt23c4A/xKnIDVQoD2qvpsgTiLCNWZIqYFjx9pPkdQUM7KoDBNFYoRnaEIGhnIUEeWn2bULeGKUMQyFNI9rmKnfEymKlJpHgZmMkJ6q395S/M8bJDr0/JTyONGE43xRmDCoBVx+HY6pJFizuSEIS2puhXiKJMLaFJSX0PQc12vAjDTOvZy4Z82vErpu3TmruzeNWuuyqKMMjsAxOAUOuAAtcA3aoAMwuAMP4Ak8W8J6tF6s13y0ZBWZQ/AD1tsnUnaPOw==</latexit> uN

<latexit sha1_base64="0K37MEuoNsBtLXuiA5waLXmpRho=">AAAB9HicbZBLSwMxFIUz9VXrq+rSTbAIrsrMtOh0V3TjSipYW2iHkkkzbWgmMyaZQhn6O9y4UMStP8ad/8bMA/F1IPBxzr3kcryIUalM88MorayurW+UNytb2zu7e9X9gzsZxgKTLg5ZKPoekoRRTrqKKkb6kSAo8BjpebPLNO/NiZA05LdqERE3QBNOfYqR0pY7DJCaen4SL0fXlVG1ZtbNTPAvWAXUQKHOqPo+HIc4DghXmCEpB5YZKTdBQlHMyLIyjCWJEJ6hCRlo5Cgg0k2yo5fwRDtj6IdCP65g5n7fSFAg5SLw9GR6pPydpeZ/2SBWvuMmlEexIhznH/kxgyqEaQNwTAXBii00ICyovhXiKRIIK91TXkLLsWynCTNonjk52I3WVwl3dt1q1O2bZq19UdRRBkfgGJwCC5yDNrgCHdAFGNyDB/AEno258Wi8GK/5aMkodg7BDxlvn7WeklM=</latexit>



encode(u) = z
<latexit sha1_base64="BJayFQHbtqBjveW2JDtO8t5zhAU="></latexit>

decode(z) = ũ
<latexit sha1_base64="0Eo672HIPtFGAkZzjKbidK7XpoQ="></latexit>

Training directly on full mesh results in long training 
times and poor approximation



Previous work: last layer of network is linear, so just 
initialize it with PCA

We observe you can train directly in the PCA space and 
get equivalent results.



Our Training Pipeline

U = PCA([u1 . . .uN ], k)
<latexit sha1_base64="0DhlPKIrV///JEh3+WrCuNuvClc="></latexit>

Do PCA on snapshots

[q1 . . .qN ] = UT [u1 . . .uN ]
<latexit sha1_base64="3FUiAOEJJg80Y+qiXS3DC8+JAww="></latexit>

Project training samples

Train autoencoder to reduce the PCA coefficients further

✓⇤ = argmin
✓

NX

i=1

k decode(encode(qi))� qik22
<latexit sha1_base64="/xL/MyT9y1viktEykz6g4CCpZW0="></latexit>
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High
Dimensional

System

Low
Dimensional

System

Tiny
Dimensional

System

q = decode(z)
<latexit sha1_base64="sdmcbJBRscGSl1NnAEitJ+JzNU8="></latexit>

q = UTu
<latexit sha1_base64="UtsEE7jvHuKmjUwWZfT06HGBy+I=">AAACCnicbZDLSsNAFIYnXmu9RV26GS2Cq5KkRdOFUHTjskLTFtpYJtNJO3RycWYilJC1G1/FjQtF3PoE7nwb0zQVbz8MfPznHM6Z3wkZFVLTPpSFxaXlldXCWnF9Y3NrW93ZbYkg4phYOGAB7zhIEEZ9YkkqGemEnCDPYaTtjC+m9fYt4YIGflNOQmJ7aOhTl2IkU6uvHvQ8JEeOG98kZ3O0kuvmnKOkr5a0spYJ/gU9hxLI1eir771BgCOP+BIzJERX10Jpx4hLihlJir1IkBDhMRqSboo+8oiw4+wrCTxKnQF0A54+X8LM/T4RI0+IieekndMLxe/a1Pyv1o2ka9ox9cNIEh/PFrkRgzKA01zggHKCJZukgDCn6a0QjxBHWKbpFbMQaqZumFWYQfXEnIFRqX2F0DLKeqVsXFVL9fM8jgLYB4fgGOjgFNTBJWgAC2BwBx7AE3hW7pVH5UV5nbUuKPnMHvgh5e0TvBib1g==</latexit>

z = encode(q)
<latexit sha1_base64="P60wSTOPommxPlyWRHKO/MdsXXo="></latexit>



Convergence Rate



Latent Space Dynamics

Big

Small(er)

un+1 = argmin
u

E(u)
<latexit sha1_base64="drzuGJFNSle1VIVpOsE9BZr27SA="></latexit>

zn+1 = argmin
z

E(U decode(z))
<latexit sha1_base64="XM3M4u2iMK3JMv9yFIHS7cMdMUY="></latexit>

Becomes



How do we make it fast?

Recall our objective function:

Elastic Potential

Inertia Term

E(z) = V (U decode(z)) + I(U decode(z),un, u̇n)
<latexit sha1_base64="BovXsKVsMwUpkzzYmhfkotr0fFA="></latexit>

Inertia Term



I =
1

2h2
ku� un � u̇nhk2M

<latexit sha1_base64="9P4B6D1LmK4p5u6rXgRbIfTno5Q="></latexit>

I =
1

2h2
kdecode(z)� qn � q̇nhk2UTMU

<latexit sha1_base64="ze7lOn5hVNHI6DN99CZkKqaLI/A="></latexit>

I =
1

2h2
kU decode(z)� un � u̇nhk2M

<latexit sha1_base64="bQxBBM0oGjxo6gY3v67N1wSS8FI="></latexit>

Precompute                     and only partially decodeI =
1

2h2
kdecode(z)� qn � q̇nhk2UTMU

<latexit sha1_base64="ze7lOn5hVNHI6DN99CZkKqaLI/A="></latexit>

Save as     for next timestepI =
1

2h2
kdecode(z)� qn � q̇nhk2UTMU

<latexit sha1_base64="ze7lOn5hVNHI6DN99CZkKqaLI/A="></latexit>



How do we make it fast?

Recall our objective function:

Elastic Potential

Inertia Term

E(z) = V (U decode(z)) + I(U decode(z),un, u̇n)
<latexit sha1_base64="BovXsKVsMwUpkzzYmhfkotr0fFA="></latexit>

Elastic Potential



Cubature

V (u) =
#TetsX

i=1

Vi(u)
<latexit sha1_base64="QgJfYMBK0muQu/lgMDeViTe0Eos="></latexit>



Use [An et al. 08]’s “Optimized Cubature”
V (u) ⇡

X

i2S

wiVi(u)
<latexit sha1_base64="BEnSPgn8IthM+xzxSY10a48tSIM="></latexit>

Approximate with 
weighted sum

Only fully-decode elements we need

Cubature

V (u) =
#TetsX

i=1

Vi(u)
<latexit sha1_base64="QgJfYMBK0muQu/lgMDeViTe0Eos="></latexit>

V (u) ⇡
X

i2S

wiVi(u)
<latexit sha1_base64="BEnSPgn8IthM+xzxSY10a48tSIM="></latexit>



Results: Stability



Results: Stability



Results: Stability



And finally
Only the gradient of our objective is required
since using a quasi-Newton scheme

rE(z) = JT
decode

@E

@q
<latexit sha1_base64="x4ceHeXX/IsvG17U0RT3KsROnSU="></latexit>

Non-constant Jacobian matrix of our autoencoder rE(z) = JT
decode

@E

@q
<latexit sha1_base64="x4ceHeXX/IsvG17U0RT3KsROnSU="></latexit>

Automatic differentiation allows us to evaluate
with equivalent complexity as a single forward evaluation

JT
decodev

<latexit sha1_base64="oPDk7sdnyrfKGaR6SQSSse8ljIk="></latexit>

rE(z) = JT
decode

@E

@q
<latexit sha1_base64="x4ceHeXX/IsvG17U0RT3KsROnSU="></latexit>



Avg. Time per E EvalutationTime (ms) Time (ms) Avg. Time per Timestep

×28 Avg. Evaluations

×9.3 Avg. Evaluations

PCA Autoencoder PCA Autoencoder

Avg. Time per E EvalutationTime (ms) Time (ms) Avg. Time per Timestep

×28 Avg. Evaluations

×9.3 Avg. Evaluations

PCA Autoencoder PCA Autoencoder

Cubature 
Point Update

Energy/Force
Evaluation

q = decode(z)
<latexit sha1_base64="sdmcbJBRscGSl1NnAEitJ+JzNU8="></latexit>

JT
decodev

<latexit sha1_base64="oPDk7sdnyrfKGaR6SQSSse8ljIk="></latexit>

Precondition
L-BFGS (1x)



Results: Performance



Results: Accuracy



Limitations



Summary

§ Autoencoders can reduce system dimensionality 
further than linear alone.

§ This reduction allows faster simulation

§ Results are robust, even for small spaces and few 
cubature points.



Future Work

§ Can we incorporate cubature into our method?





Future Work

§ Can we incorporate cubature into our method?

§ One network, many shapes?

§ Automatic training data generation?
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Training Error×10-2 Step Time (ms) 

# Hidden Layers



Avg. Time per E EvalutationTime (ms) Time (ms) Avg. Time per Timestep

cubature
evaluation

cubature
decode Uq

vjp(z,v)

ϕ(z)

×28 Avg. Evaluations

×9.3 Avg. Evaluations

preconditioner
cost

PCA Autoencoder PCA Autoencoder



Training Data



Choice of Activation



Preconditioner

H̃ = J
T
zn
K̃0Jzn

<latexit sha1_base64="ugM40TjVdIu11COLUW4VPCDJCMQ="></latexit>

K̃0 = UTK0U
<latexit sha1_base64="w2swt5eLhV6bZM9lsT3pyFAo4Cw="></latexit>

K0 =
@2V(0)

@u2
<latexit sha1_base64="qT8r4hY7fTRBL8R/3+eXEVqGyeY="></latexit>


